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Abstract. For selfadjoint extensions A of a symmetric densely defined positive operator 
^min, the lower boundedness problem is the question of whether A is lower bounded if and 
only if an associated operator T in abstract boundary spaces is lower bounded. It holds when 
the Friedrichs extension has compact inverse (Grubb 1974, also Gorbachuk-Mikhailets 
1976); this applies to elliptic operators A on bounded domains. 

For exterior domains, A^^ is not compact, and whereas the lower bounds satisfy m(T) > 
m{A), the implication of lower boundedness from T to A has only been known when m(T) > 
—ra(A~f). We now show it for general T. 

The operator Aa corresponding to T = al, generalizing the Krein-von Neumann extension 
Aq, appears here; its possible lower boundedness for all real a is decisive. We study this Krein- 
like extension, showing for bounded domains that the discrete eigenvalues satisfy N^(t; Aa) = 



1. Introduction. 

The study of extensions of a symmetric operator (or a dual pair of operators) in a 
Hilbert space has a long history, with prominent contributions from J. von Neumann in 
1929 [N29], K. Friedrichs 1934 [F34], M. G. Krein 1947 [K47], M. I. Vishik 1952 [V52], 
M. S. Birman 1956 [B56] and others. The present author made a number of contributions 
in 1968-74 [G68]-[G74], completing the preceding theories and working out applications 
to elliptic boundary value problems, fully for bounded domains; further developments are 
found in [G83], [G84]. 

At the same time there was another, separate development of abstract extension theo- 
ries, where the operator concept gradually began to be replaced by the concept of relations. 
This development has been aimed primarily towards applications to ODE, however includ- 
ing operator- valued such equations and Schrodinger operators on R"^; keywords in this 
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connection are: boundary triples theory, Weyl-Titchmarsh m-functions and Krein resol- 
vent formulas. Cf. e.g. Kocubei [K75] , Vainerman [V80] , Lyantze and Storozh [LS83] , Gor- 
bachuk and Gorbachuk [GG91], Derkach and Malamud [DM91], Arlinskii [A99], Malamud 
and Mogilevskii [MM02] , Bruning, Geyler and Pankrashkin [BGP06] , and their references. 
In recent years there have also been applications to elliptic boundary value problems, cf. 
e.g. Amrein and Pearson [AP04], Behrndt and Langer [BL07], Ryzhov [R07], Brown, Mar- 
ietta, Naboko and Wood [BMNW08] , Gesztesy and Mitrea [GM08] , and their references. 

The connection between the two lines of extension theories has been clarified in a recent 
work of Brown, Grubb and Wood [BGW09] . Further developments for nonsmooth domains 
are found in [G08], Posilicano and Raimondi [PR09], Gesztesy and Mitrea [GMll], Abels, 
Grubb and Wood [AGWll]. 

There still remain some hitherto unsolved questions, for example concerning operators 
over exterior (unbounded) sets, and various questions in spectral theory. 

Meanwhile, there have also been developed powerful tools for PDE in microlocal analy- 
sis, beginning with pseudodifferential operators ('^do's) and, of relevance here, going on to 
pseudodifferential boundary operators (•i/^dbo's) with or without parameters. In a modern 
treatment it is natural to draw on such techniques when they can be applied efficiently to 
solve the problems. Indeed it is the case for the problems treated in the present paper. 

Lower houndedness. In the study of realizations A of a strongly elliptic 2m-order differential 
operator ^ on a bounded smooth domain f2 C M", it has been known since 1974 that the 
realization is lower bounded if and only if a certain operator T determining its boundary 
condition is lower bounded. (See Grubb [G74]; an announcement for the symmetric case 
was also given by Gorbachuk and Mikhailets [GM76].) This proof uses the fact that the 
inverse of the Dirichlet realization (the Friedrichs extension [F34]) is compact. It is 
a result in functional analysis of operators in Hilbert space, and in [G74] it is primarily 
shown in the abstract setting of closed extensions of dual pairs of lower bounded operators 
^min, ^min with Amin C A^ax = (^min)*' developed in [G68] . Then it is applied to 
the study of general normal boimdary conditions for strongly elliptic systems on compact 
manifolds with boundary. A further analysis of the lower boundedness problem was given 
in Derkach and Malamud [DM91]. 

Assuming only positivity of A^^ one has rather easily that lower boundedness of A 
implies lower boundedness of T, and that a conclusion in the opposite direction holds if 
the lower bound of T is above minus the lower bound of A^; the hard question is to treat 
large negative lower bounds of T. 

In the application of the abstract theory to the case where Q, is an exterior domain (the 
complement of a compact smooth set in W^) the Dirichlet solution operator A~^ is not 
compact, and it has been an open problem whether one always could conclude from lower 
boundedness of T to lower boundedness of A. We shall show in this paper that it is indeed 
so. The proof uses that the boundary is compact, and takes advantage of principles and 
results for pseudodifferential boundary operators [B71], [G84], [G96]. 

Both symmetric and nonsymmetric cases were treated in [G74], but the decisive step 
takes place in the symmetric setting where ^min ^min- Once it is established there, one 
can follow the method of [G74] (the passage from Section 2 to Section 3 there) to extend 
the result to dual pairs. Therefore we shall here focus the attention on the symmetric case. 

The abstract theory is recalled in Section 2, its implementation for exterior domains is 
explained in Section 3, and the lower boundedness result is shown in Section 4. 
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Section 4 ends with some (easier) observations on Garding-type inequalities, that are 
not tied to bounded boundaries in the same way. 

Krein-like extensions. In the treatment of these lower boundedness questions, a certain 
family of non-elliptic realizations comes naturally into the picture. They are generalizations 
of the Krein-von Neumann extension ([N29], [K47]) that we shall here denote ^o; it is the 
restriction of ^max with domain D{Aq) = D{Amin)+Z where Z = ker^max, and has 
attracted much interest through the years, see e.g. the studies of its spectral properties by 
Alonso and Simon [AS80]-[AS81], Grubb [G83], Ashbaugh, Gesztesy, Mitrea, Shterenberg 
and Teschl [AGMSTIO], [AGMTIO], with further references. 

The larger family we shall consider (calling them Krein-like extensions) is the scale of 
selfadjoint operators Aa acting as ^max with domains 

(1.1) D{Aa) ^{u = v + aA-^z + z\ve D{A^i^), z e Z}, 

for a e R. In the application to boundary value problems, they are determined by 

Neumann-type boundary conditions with pseudodifferential elements; however, they are 
non-elliptic and the domains contain L2-functions that are not in for any s > 0. For 
both interior and exterior domains, their lower boundedness is crucial for the general 
lower boundedness problem. Moreover, they play a role in a study [Gil] of perturbations 
of essential spectra. 

In the case of a bounded domain, they will have the single point a as essential spectrum, 
and one can ask for the asymptotic behavior of the eigenvalue sequence converging to +oo 
that must exist. In the final Section 5, we deal with this question, showing that the number 
A^_i_(t; Aa) of eigenvalues in [r, t] (for some r > a) has the asymptotic behavior 

(1.2) N+{t; Aa) - CA^''^'^ = 0(t("-l+^)/2m^) f^j, ^ ^ 

any e > 0, with the same constant ca as for the Dirichlet problem. Here we use results for 
singular Green operators obtained in [G84]. We also show this estimate for ^o- 

2. The abstract setting. 

We first recall how the general characterization of extensions is set up. 

There is given a symmetric, closed, densely defined operator Amin in a complex Hilbert 
space H, assumed injective with closed range. Moreover, there is given an invertible 
selfadjoint extension A^, such that we have 

^min C A^ d Amgjc = (^min) • 

Let 

M = {A\ A^in C A c A„,ax}. 

To simplify notation, we write Au as Au, any A ^ J\4. Since Amin has closed range, there 
is an orthogonal decomposition 

(2.1) H = R®Z, i? = ranAmin, Z = kerylinax- 

When X is a closed subspace of iif , we denote by pr^^ u — ux the orthogonal projection 
of u onto X. 
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The idempotcnt operators pr^ = ^^max and pr^ = I — pr^ on D(Amax) define a 
(non-orthogonal) decomposition of D^Amax) 

(2.2) i^(^max) = D{A^)+Z, 

denoted u — + = pr^ u + pr^ u, which allows writing an "abstract Green's formula" 
for 

(2.3) (Au, v) - (u, Av) = {{Au)z, v^) - iu^, iAv)z). 

On the basis of (2.3) one can establish a 1-1 correspondence ([G68], also described in 
[G09], Chapter 13) between the closed operators A in M. and the closed, densely defined 
operators T: F — > W, where V and W are closed subspaces of Z, such that 

(2.4) graph of T = {(pr^ u, iAu)w) \ u e D{A)}. 

Here V = pr^ D{A) and W = pr^ D{A*). For a given operator T:V ^ W, one finds the 
corresponding operator A from the formula 

(2.5) D{A) = {ue D(^max) I pr^w e D{T), {Au)w = Tpi^u}. 

In this correspondence, one has moreover: 

(a) A* corresponds analogously to T*:VF — >■ V. In particular, A is selfadjoint if and 
only ifV = W andT = T*. 

(b) A is symmetric if and only if V G W and T is symmetric. 

(c) ker A = ker T; ran A ^ ranT + {H Q W). 

(d) When A is bijective, 

(2.6) A-^ = A-^ + ivT-^ pTw ■ 

Here i^ denotes the injection of V into H. 

The analysis is related to that of Vishik [V52], except that he sets the A in relation to 
operators over the nullspace going in the opposite direction of our T's and in this context 
focuses on those A^s that have closed range. Our analysis covers all closed A. 

We recall furthermore that in view of (2.1), the decomposition (2.2) has the refinement 

(2.7) i?(A^ax) = D{Arnin)+A-'Z+Z- 

it allows to show that when A corresponds to T, then 

(2.8) D{A) = {u = V + A-\Tz + f) + z \ V e D{A^in), z e D(T), j ^ZqW}. 
The lower bound of an operator P is denoted by m{P): 

(2.9) m{P) = inf {Re(Pu, w) | u e D{P), \\u\\ = 1} > -oo; 

when it is finite, P is said to be lower bounded. 

Assume now moreover that ^min has a positive lower bound and that A^ is the Friedrichs 
extension of Amin; it has the same lower bound as A^i^. Then we have in addition the 
following facts, shown in [G70] (also described in [G09]): 

(e) If m{A) > -oo, then V gW and m{T) >m{A). 

(f) liV gW and m{T) > -m(A^), then m{A) > m{T)m{A^) / {m{T) + m{A^)). 
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The last rule (shown by Birman [B56] for selfadjoint operators A) is based on the fact that 
when V dW, 

(2.10) {Au,v) = {Au^,v^) + {Tuc,v^), for u,v e D{A). 

The rule (f) does not cover low values of m{T), but this is was overcome in [G74] when 
A~^ is compact. Here the situation was set in relation to the situation where the operators 
are shifted by subtraction of a spectral parameter fj, e ^(^7) (the resolvent set), i.e., all 
realizations A are replaced hj A — /j,. Here we define 

(2.11) = ker(A„,ax - /i), pri; = {A^-fi)-\A^^^-fi), pr^ = / - prf;, 
which gives a decomposition 

(2.12) i^(A^ax) = D{A^)+Z^ 

(note that D{A - n) = D{A), D{A^^^ - yu) = i?(^max), D{Ay - 11) = D{A^)). When 
jjL is real we have, in the same way as in the case we started out with, a 1-1 correspon- 
dence between operators A — ji and operators T^:V^ — > W^; here = pr^ D{A) and 

Wfj, = pr'^D{A*), and the properties (a)-(d) have analogues for this correspondence. In 
particular, (d) gives a Krein-type resolvent formula when /i G g{A), 

(I - ^,)-' = {A^ - /.)-^ + iv^rn-' pr^,; 

there is much more on this in [BGW09]. 

When fi < m(A^), A^ — /j, has positive lower bound m(A^) — so also the properties 
(e) and (f) have analogues in the new correspondence. In particular, (f) takes the form: 

(g) If C and m(T'^) > -{m{A^) - fj,), then 

(2.13) m{A) -fx> m{T''){m{A^) - n)/{m{Ti^) + m{A^) - //). 

(Here V C W implies C W^, see also Proposition 2.1 below.) Note the special case: 

(h) If C and m(T^) > 0, then m{A) > ^. 

Hereby the question of whether A is lower bounded when T is so, is turned into the question 
of whether m{T'^) becomes > when /j, —00. 
Define 

(2.14) = An,ax(A - /i)"' = / + /^(A - /^)"'; 

it is a homeomorphism in H such that 

(2.15) = (ylmax - fJ')A-^ = 1- fxA-^ is the inverse of E'^. 

Moreover, E^^ maps Z homeomorphically onto (with inverse F^). Details are given in 
[G74] Section 2, where the following is shown: 
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Proposition 2.1. Let fj, < m{A^). Define the operator in Z by 

(2.16) G^ = -iiWzE^'^z, 

it is a bounded selfadjoint operator in Z. 

Let A be a closed operator in Ai, corresponding to T:V ^ W. Then A — jj. corresponds 
to T^-.V^ ^ Wfj,, determined by 

= E^V, = E'^W, D{T'') = E^'D{T). 

^^■"^^^ {T'^E'^v, E^'w) = (Tw, w) + {G^'v, w) for v e D{T),w e W. 

Note that in particular, if F C 

Re(T^'E^'v,E^'v) = Re(Tv,v) + {G^v,v) for v E D{T). 
One then observes: 

Proposition 2.2. The following statements (i) and (ii) are equivalent: 

(i) For any choice of V (Z W and any lower bounded, closed densely defined operator 

T:V there is a jj, < m{A^) such that m{T'') > 0. 

(ii) For any t > there is a n < m{Aj) such that m{G^) > t. 

Proof. Let (ii) hold, and consider a lower bounded operator T:V ^ W; V C W. Choose 
H such that m{G^) > max{— m(T), 0}. Then for v G D(T), 

Re{T^E^v,E^'v) = Re{Tv,v) + {G''v,v) > m{T)\\vf + m{G'')\\vf > 0. 

This shows (i). 

Conversely, let (i) hold. It holds in particular for the (selfadjoint) choices T = al on Z 
with a e R; let T^ denote the corresponding operator on Z^. By hypothesis there is a 
such that m(T^) > 0. Then 

(2.18) < {T^Ef'v, Ef'v) = (av, v) + {G^v, v), 

and hence 

{G^'v^v) > -a\\vf, for all v e Z. 

To see that (ii) holds for a given t > 0, we just have to take a = —t. □ 

Note that the proof involves the special choice T = al on Z, corresponding to the Krein- 
like extension Aa, cf. (1.1), (2.8). There is a formulation in terms of those operators, that 
can immediately be included: 

Proposition 2.3. The two statements (i) and (ii) in Proposition 2.2 are also equivalent 

with the statement: 

(iii) For any a e M, the Krein-like extension Aa, corresponding to the choice T = al on 
Z, is lower bounded. 

Proof. The proof of Proposition 2.2 shows that when (i) holds, its application to the special 
cases T = al on Z gives that m{T^) > for —fx sufficiently large. By the rule (h), m{Aa) 
then has lower bound > fi. Since a was arbitrary, we conclude that Aa is lower bounded 
for any a G M; hence (iii) holds. 

Conversely, when (iii) holds, it assures by the rule (e) applied to Aa — that for any 
a, m{T^) > for —ji sufficiently large. This is used in the proof of Proposition 2.2 to 
conclude that m{G^^) is then > —a, implying (ii). □ 

Then [G74] Th. 2.12 showed the validity of (i)-(iii) in an important case: 
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Theorem 2.4. When A^^ is a compact operator in H, then 

(2.19) m{G^) ^ oo for iJL ^ -oo. 

Consequently, (i), (ii) and (iii) of Propositions 2.2 and 2.3 are valid; and (f) can he sup- 
plemented with 

(f)' IfV and m{T) > -oo, then m{A) > -oo. 
Also estimates of the type 

(2.20) Re{Au, u) > c\\uf^ - u e D{A), 

1 /2 

were characterized in [G74], when D{A-y ) C JC C H. 

The proof of Theorem 2.4 involves a closer study of the Krein-like realizations A^. We 
return to a further analysis of them in Section 5. 

We shall now explain how the general set-up is applied to boundary value problems. 
Here we focus on exterior problems since problems for bounded domains were amply treated 
in [G68]-[G74]. 

3. The implementation for exterior boundary value problems. 

When O is a smooth open subset of with boundary dQ = E, we use the stan- 
dard L2-Sobolev spaces, with the following notation: if^(M"') {s G M) has the norm 
ll'^lls — \\J^~^{{0^-^''^)\\l2{b.'^)'i here J-" is the Fourier transform and (^) = (l-|-|^p)^. Next, 
H^{Q,) = rQH^{W^) where rn restricts to f2, provided with the norm \\u\\s = inf{||v||s | 
V e H^{W^), u = tqv}. Moreover, H^(fl) = {u e H^iW) \ suppu C H}; closed sub- 
space of iy®(M"). Spaces over the boundary, if^(E), are defined by local coordinates from 
H'{W-^), seR. (There are many equally justified equivalent choices of norms there; one 
can choose a particular norm when convenient.) When s > 0, there are dense continuous 
embeddings 

iy*(s) c L2(s) c iy-'(s), 

and we use the customary identification of H~^{T,) with the antidual space of H^{T,) (the 
space of antilinear, i.e., conjugate linear, functionals), such that the duality {(f,il))-s,s 
coincides with the L2(S)-scalar product when the elements lie there. 

Detailed explanations are found in many books, e.g. [LM68], [H63], [G09]. 

In the following, fl is primarily considered to be an exterior domain, i.e., the complement 
of fio, where is a nonempty smooth bounded subset of R"'. However, the explanations 
in the following work equally well for interior domains and for admissible manifolds in the 
sense introduced in the book [G96]; this includes smooth domains in that outside of a 
large ball have the form of a halfspace or a cone. 

Let A be a symmetric elliptic operator of order 2m on fl, 

(3-1) = ^I^I^I^I^^L'"(aa,^(a;)L'^w(a;)), = a^,/?, 

with complex coefficients Oq,,/? in (7^(0); here 0°^ = D^^ •••D^", Dj = —id/dxj, and 
(f2) denotes the space of C°°-functions that are bounded with bounded derivatives of 
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all orders. The principal symbol a'^{x,^) = J2\a\ |/3|=m'^a,/3^"^^ real. A is assumed to 
be uniformly strongly elliptic, i.e., a° satisfies, with ci > 0, 

(3.2) a°{x,0 > cilCP"", for a; e n, e e R". 
A typical case of such an operator when m = 1 is of the form 

(3.3) A = -> djajk{x)dk + ao{x) = > . Djajk{x)Dk + ao(a;), 

— 1 J,/C — 1 

with real coeflBcients satisfying ajk — dkj and 

(3.4) Y.i.''3k{x)i3^k>ci\i\\ 
with ci > 0. 

We let = -^2(0), and as Amax and Amin we take the operators acting like A in L2(0) 
and defined by 

-D(Aj„ax) = {u E -^^2(0) I Ati G iv2(0) in the distribution sense}, 
^^'^^ ^min = the closure of A|c^(f2); 

because of the symmetry, ^max and ^min are adjoints of one another. It is well-known (and 
is accounted for e.g. in [Gil]) that the strong ellipticity and boundedness estimates imply 
that the graph- norm (||yltt|p -|- ||tt||^)2 and the ff^'^-norm are equivalent on Hq'^{^1), so 

(3.6) D{A^,^)=H^'^{n). 

Moreover, when A^ is taken as the Dirichlet realisation of A, i.e., the restriction of ^max 
with domain D(Amax) n H^{n), then 

(3.7) D(A^) = H^'^iil) n H^{n); 

and Aj coincides with the operator defined by variational theory (the Lax-Milgram lemma) 
applied to the sesquilinear form with domain Hq^{Q), 

(3.8) aiu,v) = J2, ,,.,< («a,/3^Vi^"^), 

thus A^ is selfadjoint. 

We can assume that a large enough constant has been added to A such that 

(3.9) a{u,u) > co\\uf, for u e H^{n); 

with Co > 0; then cq is also a lower bound for Amin and Aj, and A^ is invertible. 

The set-up of Section 2 applies readily to these choices of A^^^, ^max and A^; the 
operators A E /A are called realizations of A. We shall now recall how the correspondence 
between a general A and an operator T:V ^ W is turned into a charaterization of A by 
a boundary condition. 
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First we note that there is a Green's formula for A, vahd for u,v e H'^'^{^1): 

(3.10) {Au,v)l^(^q) - {u,Av)L2{n) ^ (x^, 7'^)l2(s)" - (t^, x''^)l2(e)"- 
Here, with ^jU = (n ■ D)-'tt|x;, n denoting the interior normal to the boundary, 

•yu = {70M, • • • , Jm-iu}, the Dirichlet data, 

(3.11) J^u — {7mW, . . . , j2m-i'iJ'}: the Neumann data, 

Xu = AmqMi^u + S^u, = ~^MoMi^'" + '5'7tt, Neumann-type data; 

where Am^Mi ^ certain skew-triangular invertible matrix of differential operators over 
S derived from A, and <S and S' are suitable matrices of differential operators; cf. [LM68] , 
[G71]. In the second-order case (3.3), one can take x and x' to be the conormal derivative 
va at the boundary, 

(3.12) vau = y2 . ajkUj'^odkU. 

Occasionally in the following, we shall use the notation of the calculus of pseudodiffer- 
ential boundary operators ('^dbo's), as initiated by Boutet de Monvcl [B71] and developed 
further in e.g. [G84], [G96]; there is also a detailed introduction in [G09]. The calculus 
defines Poisson operators K (from E to O), pseudo differential trace operators T (from O to 
E), singular Green operators G on Q (including operators of the form KT) and truncated 
pseudodifferential operators on f2, and their composition rules etc. Since we shall in the 
present paper only use final theorems on such operators, we refrain from taking space up 
here with a detailed introduction. 

Let us introduce the notation 

(3.13) ^' = Uo< . H^~'~H^), ^' = Ua< . H^-'^^+^^k^y, 

0<j<m -*-0<j<m 

here (W)* = H'^'^-', {W)* = T^^m-s^ ^^ve dualities denoted 



,W or (v', 'i/'){-s+j+i,s-j-i}) 

{ViOjls* ^jls or (?7, C){2m-s-i-i,s-2m+j + i}- 



These dualities are consistent with the scalar product in L2(E)"^ when the elements lie 
there. Note that in particular, 

(3.14) 7{° = iy-^(E), 7^° = iy-i(E), (7{°)* = iy^(S), whenm=l. 

Denote D\{yt) = {u e H'iVt) \ Au e ^2(0)}, with norm {\\u\\l + \\Au\\l)2. It is seen as 
in [LM68] that C^^(n) = r^C^f (M'^) is dense in £'^(0), and it follows from [LM68] that 
7, ly, X and x' extend to continuous maps: 

(3.15) r-D'Ain)^n', v. D%{a) ^ n'-"^ , X,X':^^(^^)^^', for allseR. 
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(The mapping properties are shown in [LM68] for bounded domains, but this imphes (3.15) 
when the properties are apphed to n B{0, R) for a sphere -8(0, R) with R so large that 
S is contained in the interior.) Moreover, Green's formula continues to hold for these 
extensions, when u e H'^'^{Q), v e -D(^max): 

(3.16) {Au,v) - {u,Av) = {xu,-fv)^j^i_j_iy - (7^, X''f^){2m-j-i -2m+i+|}- 

Using that Aj is invertible, one can moreover show that the nonhomogeneous Dirichlet 
problem is uniquely solvable: The mapping 



(3.17) ^^=r; :iy^(n)^ X 

has for s > m — ^ the solution operator, continuous in the opposite direction, 

(3.18) A-^ = iRj K^); 

here R^ is for s = 2m the inverse of the Dirichlet realization A^, and is the Poisson 
operator solving the Dirichlet problem Au = 0, 714 = (p. More documentation is given in 
[Gil], 

Denoting Z^{Q) = {u E H^{Q) \ Au = 0} (with s-norm), we have in particular the 
mapping property for s > m — ^: 

(3.19) r-z%{n)^n', 

it extends to all s G M. (The extension of the inverse mapping follows from a general rule 
for Poisson operators; the direct mapping is treated as shown in [LM68], one may also 
consult the discussion in [G09], Chapter 11.) 

Denote by 7^ the operator acting like 7 with precise domain and range 



(3.20) Iz.Z^W iy-^-^(S) = 7{0; 
it has an inverse 7^^ and an adjoint 7^ that map as follows: 

(3.21) iz^-n^ ^ z, -f*z: {n^y ^ z. 

Both operators lead to Poisson operators in the V'dbo calculus when composed with i^, ; 
here iz7^^ equals K.^. In the case m = 1, 

7z:^^if-^(S), 7z':^"^(S)^^, lhH"^{^)^Z. 

For the study of general realizations A of A, the homeomorphism (3.20) allows us 
to translate the characterization in terms of operators T\V ^ W in Section 2 into a 
characterization in terms of operators L over the boundary. 
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For V,W C Z, let X = ^V, Y = ^W, with the notation for the restrictions of 7: 
(3.22) ^v-V^X, ^w-W^Y. 

The map 7^: V ^ X has the adjoint -yy-.X* ^ V. Here X* denotes the antidual space 
of X, again with a duality coinciding with the scalar product in L2(E)'^ when applied to 
elements that also belong to L2(S)". The duality is written (•0, V')x*,x- We also write 
{ip,(fi)x*,x = i'P,il^)x,x* ■ Similar conventions are applied to Y. 

When A is replaced by A — /i for fi < m{Aj), there is a similar notation where Z, V 
and W are replaced by Z^, V^, W^^. Since ^Ei^z = 72; (cf. (2.14)), we have that 7 defines 
mappings 



(3.23) 



with the same range spaces X and Y as when /j, — 0. 

We denote Kry x = Wlv^'-^ — > y C -ff, it is a Poisson operator when X is a product 
of Sobolev spaces. 

Now a given T:V ^ W is carried over to a closed, densely defined operator L:X^Y* 
by the definition 

(3.24) L = (7-i)*T7-\ D{L) = ^yDiT); 

it is expressed in the diagram 



(3.25) 



V - 


y X 






Iv 




T 






L 


w - 





Observe that when v G -D(T) and w & W are carried over to <^ = 7yv and i/j = ^w^, 
then L(fi — {^^)~^Tv satisfies 



(3.26) 



{Tv,w) = {L(f,il;)Y*,Y- 



For the question of semiboundedness we note that when V G W, hence X C Y, then 
the functionals in Y* act on the elements of X. Then when v e D{T) cVc W, so that 
'jvv = (f & D{L) C X C y, we may write 

(3.27) iTv,v) = iLip,ip)Y',Y. 
The L2-norm of v is equivalent with the ?^'^-norm of (p; 

(3.28) ||f|| < ci||(/7||{__^_i} < C2||'y||, (fi^'fzv, 

for any choice of the equivalent norms (denoted ||v?||-H" or 1 j.) on the boundary 

Sobolev spaces. (One could also fix the norm, e.g. by letting 7^ be an isometry.) Then 

(3.29) Re{Tv,v)>c\\vf, v e D{T), 
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holds for some c e M if and only if 

(3.30) Re(L^, v^)y*,y > c'M\\_._,y ^ E D{L), 

holds for some c' e M, and here c and c' are simultaneously > or > 0. (If we fix the norm 

such that 7^ is an isometry, c = c'.) 

The interpretation of the condition in (2.5) as a boundary condition has been explained 
in several places, beginning with [G68], so we can do it rapidly here. Define the Dirichlet- 
to-Neumann operator 

(3.31) P° ^ = xiz' = xK-y- ^ ii'; 

it is in fact continuous from W to "H^ for all s G M because of the mapping properties of 
X and K^. It is a matrix- formed pseudodifferential operator over S; this was indicated as 
plausible in [G68] , and proved in detail in [G71] on the basis of the work of Seeley on the 
Calderon projector. It also follows from the general V'dbo calculus. There is the analogous 
operator -P^^/, and when the construction is applied to A — fi instead of A we get the 
operator 

1 3 

For m = 1, these operators are of order 1, continuous from H^~2(T,^ to H^~2(Ti) for 
all s, and elliptic of order 1 when A and x are chosen as in (3.3), (3.12). For higher m, the 
operators are multi-order systems, of the form {Pjk)o<j,k<m with Pjt of order 2m—j — k — l 
(continuous from H^~'^~2 (T,) to iy*~2"^+-?+2 (E) for all s). EUipticity is defined in relation 
to the multi-order. When <S = in (3.11), is elliptic, meaning that the matrix of 
principal symbols a2m-j-k-i{Pjk){x' ,^') is regular for ^' ^ 0. (This follows from the 
ellipticity of „ shown in [071], see also [G09], Ch. 11.) 

We now define 

(3.33) r° = x-P,V' r'« = x'-P,V7, 

also equal to "^^max resp. "^^max; they are trace operators in the V'dbo calculus, 
mapping -D(Aniax) (with the graph norm) continuously into "H^"^ = ("H^)*. They vanish 
on Z. With these operators there holds a modified Green's formula 

(3.34) {Au,v) - {u,Av) = {r\,^v)^^+^^_^_.y - (7^, r'%){_,_ 1 
valid for all u,v & D(^max). In particular, 

(3.35) {Au,w) — (r°«, 7w)j-j.,.i 1 -j., when u e D{Aynax.),w G Z. 
When A corresponds to T:V ^ W and L: X ^ Y* , we can write 



(3.36) {Tuc,w) = {T^y^^u,^^^^w) = {L^u,^w)y*,y, all u e D{A),w e W. 
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The formula {Au)w = Tu/^ in (2.5) is then turned into 

{T^u,'yw)^j^i _j_iy = {L-fu,-fw)Y*,Y, aU w e W, 
or, since 7 maps W bijectively onto Y, 

(3.37) {T\,ip)y+i^_^_iy = {L^u,cp)y*,y for all cpeY. 

To simplify the notation, note that the injection iy: y — )• Ti^ has as adjoint the mapping 
i^: (IHP)* Y* that sends a functional '0 on IHP over into a functional i^'0 on Y by: 

(iyV', ^)y*,y = (V', V'){j+i -J- 1} for aU (/? e y. 

With this notation (also indicated in [G74] after (5.23)), (3.37) may be rewritten as 

iyV^u = L-fu, 

or, when we use that — x — Pj,x^j 

(3.38) i^xu ^{L + lYP^J-fu. 

We have then obtained: 

Theorem 3.1. For a closed operator A E A4, the following statements (i) and (ii) are 
equivalent: 

(i) A corresponds to T:V ^ W as in Section 2. 

(ii) D{A) consists of the functions u e -D(^max) that satisfy the boundary condition 

(3.39) 7W e D{L), il^xu = (L + IyP^Jiu. 

Here T:V —?■ W and L: X Y* are defined from one another as described in (3.22)-(3.25) . 

Note that when Y is the full space H^, iy* is superfluous, and (3.39) is a Neumann-type 
condition 

(3.40) lueD{L), xu^{L + P^J^u. 

The whole construction can be carried out with A replaced hy A — ^, when n < m{A^). 
We define from T^' as in (3.24)-(3.25) with T:V ^ W replaced by T'^: V,, and 
use of (3.23); here 

(3.41) L'^ ^ (7^1 )*T'^7-;, DiLn^lv,DiT) = DiL). 
Theorem 3.1 implies: 
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Corollary 3.2. Let n < m{A^). For a closed operator A e A4, the following statements 
(i) and (ii) are equivalent: 

(i) A — fx corresponds to T^: — )■ as in Section 2. 

(ii) D{A) consists of the functions u e D(Ajnax) such that 

(3.42) 7«e^(i^), i'^XU = {L^ + iYPi;,x)lu. 

Since the boundary conditions (3.39) and (3.42) define the same realization, we obtain 
moreover the information that 

(L'^ + lyPi^Jlu = (L + i^P° ^)7W, for G D(L), 

i.e., 

(3.43) L'^ = L + i^(P°^ - P^,^) on i;(L). 

4. The lower boundedness question. 

We have shown in Section 2 that the general conclusion of lower boundedness from T to 
A (hence from L to ^ in view of (3.28)-(3.30)) hinges on whether the lower bound of 
takes arbitrary high values when jj. — > — oo. Let us identify G^ in terms of the operators 

over S. 

Proposition 4.1. Let ji < m{A^). We have that 

(4.1) {G^^v.w) = ((P°^ - P^^,^)7z^,7z«;)o+i,-,-i}, for V, we Z. 
In other words, 

(4.2) G^ = ilz)-\P^,x-P,',xhz'- 

In particular, P^^ — P^^ is continuous from %^ to ((HP)* = 'H?^ . 

Proof. This is easily seen by use of the correspondence between realizations and operators 
over the boundary, applied to the Krein-von Neumann extension: 

For the case T = with V = W = Z (defining the Krein-von Neumann extension), let 
us denote the operator corresponding to — /U in the |U-depcndcnt setting by Tq. Here 
L = 0, continuous from from "H^ to (Ti^)*, and we denote the corresponding //-dependent 
operator by L^; it is likewise continuous from Ti*^ to ("H^)*. By (3.43), 

(4.3) L(; = p°^ - pi;^^ on n'. 

This shows the asserted continuity. By (2.17), 

(4.4) {G^'v, w) = {T^E^v, E^w), for v,w e Z. 
Then furthermore, 

(4 5) (^o''^'^^' ^'^^^ = iL^olz,E^v,^z,E^w)^^^.^_^_.y = {L>^,izv.izw)y^.^_^_.y 

= ((P^x - Pi,x)^zv,izw)y^.^_^_i_^, 
This shows (4.1), and hence (4.2). □ 
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Remark 4.2. This was also observed in [BGW09], Remark 3.2, formulated in the case 
m = 1, for a nonsymmetric situation with general complex values of (then adjoints and 
primed operators enter). 

An alternative proof that does not refer to the correspondence between realizations and 
operators over the boundary goes as follows: Recalling that E^^ = ^max(^7 — maps 
Z homeomorphically onto Z^, we have for v,w & Z, (p = 'jzv, '4> = Izw, 

[G^v, w) = -iiiEf'v, w) = -iJ,{A{A^ - ny^v, w) 

(4.6) 

= -/^(x(A - /^) '"^ 7z'w){j+i 1} = -/x(x(A^ - /x) V, V'){j+i -J- 1}, 

where we have used Green's formula (3.16) and the fact that 7(A^ — A*) "^ = 0- Now if 
V e iy^"^(fi), we can use that -//(^^ - /i)~^ = / - A{A^ — to write 

{G^v, w) = (x(/ - A{A^ - ^i)-^)v, V^){,.+ i 

= (x^,V')o+i,-i-i} - (X^(A -/^)"'^'V')o-+i,-,-i} 
= (x7zV,V'){j+i,-i-i} - (x£^''7zV,V'){j+i,-j-i} 
= (P°^(^,V)o-+i,-,-i} - (X7z>,V')o+i,-i-i} 
= ((^7,x-^7",xV'V')o+i,-,-i}. 

This shows the identity for smooth functions v in the nuUspace. Since the smooth null- 
solutions are dense in Z, the general statement follows by approximation. 

We note in passing that since xi^-y ~ A*)~^ is the adjoint of the /U-dependent Poisson 
operator Kl^ (by Green's formula), (4.6) also leads to the alternative formula 

(4.7) - Pi;^^ = -KK^.TK,. 



The question of the behavior of the lower bound of G^ is hereby turned into the question 
of the lower bound of Pi^ ^ — P!t in relation to the norm on "H". Note that this difference 
is a multi-order system of 'i/'do's where the entries are of order 2m lower than the entries 

Now this will be set in relation to a similar family of operators in a situation where 
the domain Q, is replaced by a bounded set. Choose a large open ball S(0, R) containing 
\ n in its interior. Let 0< = O fl -B(0, R); its boundary E< consists of the two disjoint 
pieces E and E' = 95(0, R). When the whole construction is applied to A on 0<, we get 
a family of matrix-formed Dirichlet-to-Neumann operators P!^ on E< = E U E'. 

Proposition 4.3. For the pseudodifferential operators -P^^^^^ on E<, we have 

for ^en%^ n,-<m^"'"^(S<), w^th 

C{fi) — >■ oo for jJL — >■ — oo. 
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Proof. This follows from Theorem 2.4, applied to the operator G'^ defined for this case. 
The information on the lower bound of Ct carries over to the assertion for ^ — P]i^ , 
since they are related as in Proposition 4.1; recall also (3.28)-(3.30). □ 

(This is of course a qualitative statement, which is independent of how the norm in IHP 
has been chosen.) 
Define 

(4-8) = P^x - P^,x^ Q'l = MP",x< - P,\>^^ 

where extends distributions on E by on S'. Since S and E' are disjoint closed 
manifolds, both Q^^ and are (matrix-formed) V'do's on S, continuous from 'HP to "H^"^. 

Theorem 4.4. The operator norm from HP to 'H?'^ of the difference 

(4-9) Q''-Q',= - - r^{P^,^, - Pi;,,Je^ 

is bounded for — > — oo. 

Proof. In this proof we use microlocal details from the pseudodifferential calculus. Intro- 
ductions to '(/'do's can be found in many textbooks, e.g. in [G09], Chapters 7-8. 

The use of ipdo's on the manifold S is somewhat technical, because they are defined first 
by Fourier transformation formulas in W^~^ and then carried over to E by local coordinates; 
in this process there appear a lot of remainder terms that have to be handled too. The 
heart of our proof lies in the fact that the remainder terms have much better asymptotic 
properties than the given operators (are "negligible"); this is an aspect of the fact that 
ijjdo^s are pseudo-local. 

When is constructed from A and the trace operators, the construction of its symbol 
takes place in the neighborhood of each point {x',^'), x' E T, (localized) and ^' e R"~-^. 
The same holds for P^^^^ on E. But in the localizations at points of E, A, 7 and x ^re 
the same for the two operators, and therefore the resulting complete symbols of P°^^ and 
Pj at a point of E must be the same, modulo symbols of order —00. (This uses that 
also the constructions in the ij^dho calculus are the same for Q and ri< at points of E.) It 
follows that 

(4.10) P° ,^ - rE-P°,^<eE is of order - 00, 

i.e., the localized symbol of P°,^ — r^^P^^^^eY. and all its derivatives are 0((1 + |^'|)~^) 
for all G N. Then the operator is bounded as an operator from any m-tuple of Sobolev 
spaces over E to any other; in particular, it is bounded as an operator from 'HP to 

Now consider the //-dependent symbols. There is the difficulty here that the individual 
operators and P^,^ have norms that grow with |//| (even as operators from T-L^ to "H^); 
this is demonstrated by the simple example of 1 — A on a half-space (considered in [G09] , 
Chapter 9), where Pi^ ^ has symbol —(1 -|- -|-//) 2 . We shall then use a sharper version 
of the device used for P^^^ — r-EP^^^^e-E. Namely that the operators, being constructed 
out of the elliptic differential operator A — /j, and the differential trace operators, have 
//-dependent symbols that are i/jdo symbols in the n cotangent variables {^',rjn) where 



KREIN-LIKE EXTENSIONS AND LOWER BOUNDEDNESS 



17 



Vn = Ia*I^- (This is the "easy" parameter-dependent case, said to be of regularity +00 in 
[G96], strongly polyhomogeneous in [GS95].) 

Again, the local constructions of symbols of and Pt^^-^^ have identical ingredients at 
the points of S, and we now deduce that the symbols differ by a symbol in the parameter- 
dependent class of order —00, so that it is 0((1 + + W)~^) for aU iV G N, with aU 
its derivatives. Then the symbol and its derivatives are also + |^'|)~''^ (1 + ) 
for aU iV', N" e N. It follows that 

(4.11) P!^^^ - rj^PJ^^^^e^ is of order - 00, with norm 0((1 + |//|)~^), any iV, 

as an operator from an arbitrary m-tuple of Sobolev spaces to another. In particular, it is 
bounded as an operator from "H^ to Ti^"^ with a bound independent of /x. 
The assertion on 

now follows by adding the two parts. □ 

We can then conclude: 

Theorem 4.5. In the situation of exterior domains, the pseudodifferential operators PJ^^^ 
on S satisfy 

(4.12) ((^'^,x-^7",xM^)0-+i-.-i} >^(/^)ll^llw-i} for ^ en', 
for some function C (//) satisfying 

(4.13) C(//) 00 for jji -00. 
It follows that m{G^) — )■ 00 for — )■ — 00, and hence: 

In the correspondence described in Theorem 3.1, X <zY and L is lower hounded, if and 
only if A is lower hounded. 

Proof. Using Proposition 4.3 and Theorem 4.4 we have for (p e H' that 

where C"(//) behaves as in (4.13). In view of (4.1) and (3.28), we conclude that m{G^) 00 
for fj, — )■ —00. Then the statements (i) and (ii) of Proposition 2.2 are valid. 

Let A correspond to T:V W as in the beginning of Section 2, and to L: X ^ Y* as 
in Theorem 3.1. As noted earlier, V G W and T is lower bounded, if and only if X C 1" 
and L is lower bounded. We have from rule (e) that lower boundedness of A implies 
V gW and lower boundedness of T. We can now complete the argument in the converse 
direction: When X cY and L is lower bounded, hence V CW and T is lower bounded, 
then by Proposition 2.2 (i), there is a e IR such that m{T^^) > 0, and hence by rule (h), 
m{A) >ii. □ 

By Proposition 2.3, we have in particular for the Krein-like extensions: 
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Corollary 4.6. In the exterior domain case one has for any a e R that the Krein-like 
extension Aa defined by (1.1) is lower hounded. 

We recall that this was already known to hold for bounded domains. 

Remark 4.7. The above theorem says nothing about the size of C(//). In [G74] for the 
interior domain case, we conjectured that C(/u) may possibly be shown to be of the order 
of magnitude l/ul^/^"^. Calculations on second-order cases where A has a structure like 
-D^ + in product coordinates near S, confirm that C(//) is of the order of magnitude 
|//|^/^ then. Such calculations might solve the problem also for domains with unbounded 
boundary, provided suitable uniform ellipticity conditions are satisfied. We may possibly 
return to this in detail elsewhere. 

Let us end this section by some remarks on other lower boundedness estimates. It is 
used in the above proofs that the boundary E is compact. There is a more restricted type 
of lower boundedness, that can be shown to hold for A and L simultaneously, in uniformly 
elliptic situations regardless of compactness of the boundary, namely m-coerciveness, also 
known as the Garding inequality. 

Consider a case where Q, is admissible in the sense of [G96] , as mentioned in the begin- 
ning of Section 3. This assures that O is covered by a finite system of local coordinates, 
some of them for bounded pieces, some of them for unbounded pieces, carried over to sub- 
sets of where the part in il resp. dVt carries over to bounded resp. unbounded subsets 
of ]R_|_ resp. M"^~^, in a controlled way. Detailed explanations are given in [G96], including 
the still more general situation of admissible manifolds. All that was described in Section 
2 works in this case; let us also in addition mention the trace mapping property 

(4.14) 7: H^iVL) T-T continuously for r > m — |, 

and the interpolation property: When < r < m, there is for any e > a positive constant 
c{e) such that 

(4.15) < £||u||^ + c(£)||u||^, for u G H'^ip). 

Theorem 4.8. Let Q. C he an admissihle domain, and let A correspond to T:V ^ W 
and L: X — >■ y* as in Sections 2-3. Then the following statements (with positive constants 

c, c', c" ) are equivalent: 

(i) D[A) C H'^iVL) and A satisfies a Garding inequality 

(4.16) Re(Iu, u) > c\\u\\l^ - k\\u\\l, for u e D{A). 

(u) D{T) G Zn H'^iQ) = Z'^{Q),V G W, and T satisfies a Garding inequality 

(4.17) Re{Tz, z) > c'\\z\\l^ - k'\\z\\l, for z e D{T). 
(iii) D{L) C "H"^, X cY , and L satisfies a Garding inequality 

(4.18) Re(L(^,(^)r*,y >c"||(^||2^_._ij-A;"||(/.||2_._,^. 
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Proof. This is a straightforward generalization of the proof for the case of bounded domains 
in [G70], Prop. 2.7, to admissible domains. 

Note first that the statements in (ii) and (iii) are equivalent in view of (3.27) and the 
homeomorphisms (3.19). 

Next, we note that (i) implies in particular that A is lower bounded. Then (i) implies 
that V G W and hence X = 'jV C 'jW = Y, in view of property (e) in Section 2. Thus 
(2.10) holds. When (4.16) is valid and z G D{T), we can approximate A~^Tz in m-norm 
by a sequence of functions G D{A^in), since A^ is the Friedrichs extension of A^^^. Let 

= -v^ + A-^Tz + z, then G D{A) in view of (2.8), with m( = -v^ + A'^Tz, = z. 
Clearly, ^ zin H'^{Q) and ui^ = -v^+A^Tz ^ in ii''^(0). We combine (2.10) with 
the inequality (4.16) to see that 



|2 LII^||2 



Here the term {Aui^,ui^) is equivalent with ||tt:^||^, so it goes to for j — > 00, so we conclude 



Re{Au^,u^) = {Aul^,ul^) + Rc{Tz,z) > c\\u^\l^ - kWu^H. 

the term (. 

that 

Rc{Tz,z) > c\\z\\'f^ - k\\z\\o. 

Thus (i) implies (ii) and hence also (iii). 

Now assume that (ii) and (iii) hold. Using (2.10), we find for u G D{A) that 

I{je{Au, u) = (Aw^, Uj) + Re(Ttt^, w^) 

> C\\u^\\l, + c'llwcllm - ^'ll'"cllo > c'll-ull^ - /c'll-uJIo, 

where we have again used that {Auj,Uj) is equivalent with Hm^H^. To handle the last 
term, note that choosing r with m — | < r < m, we have that 

^'ll^^llo < cih^cll?-,-!} = ci||7«ll?_,_i} < C2||7^ll?._,_i} 
< csll^ill^ < £^C3||ti||^ + c{e)cs\\u\\l, 

where we used (3.19), (4.14) and (4.15). Then (4.19) implies 

Re{Au,u) > (c" - £C3)||m||^ - c(£)c3||m||o, 

which shows (i) when e is taken sufficiently small. □ 

The papers [G71] and [G74] give a full analysis of the analytical details required to have 
(iii) in cases of normal boundary conditions, for bounded domains and compact manifolds. 
This involves a condition for m-coerciveness that is a special case of ellipticity of the 
boundary condition (the Shapiro-Lopatinskii condition). The analysis can be extended to 
admissible sets with suitable precautions on uniformity of estimates. 

We underline that the discussion of lower bounds as in Theorem 4.5 is valid for much 
more general realizations, and is not linked with ellipticity of the boundary condition. An 
interesting consequence for questions of spectral asymptotics is that also for nonelliptic 
boundary conditions, lower boundedness of L (or T) assures that there is no eigenvalue 
sequence going to —00. (For spectral asymptotics of resolvent differences, see e.g. Bir- 
man [B62], Birman and Solomyak [BS80], Grubb [G84], [Gil], Malamud [MIO], and their 
references.) 

Estimates with other spaces JC in lieu of H'^{Q,) are also treated in our early papers. 
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5. Krein-like extensions and their spectral asymptotics on bounded domains. 

We here make a closer study of the Krein-hke extensions Aa defined in (1.1), corre- 
sponding to the choice T = al in Z . 

Proposition 5.1. The realization Aa represents the boundary condition 

(5.1) xu = C^u, with C = a(7^i)*7^i + P°^, 
in the sense that 

(5.2) D{Aa) ^{ue D{Ama.) I xu = C-fu}. 

Here {jz^y^z^ is a pseudodifferential operator continuous from W to 'H^^'^'^ , for all 
s e M (and elliptic as such); it is of 2m steps lower order than P^^^^- 

Proof. We see from (3.24) that Aa corresponds to 

(5.3) L« = a(7^')*7z'> D{L) = H\ 

so that Aa is defined by the boundary condition in (5.1). 

To account for the properties of (7^''^)*7^''^ (for the interested reader), we use the V'dbo 
calculus. Note that (7^ Ylz asserted continuity property for s = 0, is bijective, 

and acts like (7^^)* pr^ i^7z^- Here iz7^^ is the Poisson operator K-y, as noted earlier, 
and its adjoint K* = (7^^)* pr^ is a trace operator of class in the '(/'dbo calculus. Then, 
by the composition rules, 

is a pseudodifferential operator on S; and it has the asserted continuity property for all 
s since it has it for s = 0. It is elliptic as an operator from W to because it is 

bijective. □ 

Remark 5.2. It should be noted that the boundary condition (5.1) is not elliptic (does 
not satisfy the appropriate Shapiro-Lopatinskii condition). In fact, for pseudodifferential 
Neumann-type boundary conditions x'^ — it is known that ellipticity holds if and 

only if the •0do L — C — P^^y- is elliptic as an operator from l-L^ to l-L^ . The actual L equals 

aK*K^, which has principal symbol as an operator from l-L^ to H^, since it is of lower 
order. 

For m = 1, C is of order 1, continuous from i^*" 2 (E) to H^~^{T,), and L = aK*Kj is 
of order —1, continuous from H^~^{T,) to iJ*+^(S), for all s. 

We henceforth take a G M \ {0}. From (2.6) we then have 

(5.4) A-' = A-' + a-'pTz- 

(We here read pr^^ as a mapping in H instead of as a mapping from H to X; this will 
often be the case in the following, and the meaning should be clear from the context.) 

Let us assume from now on, instead of the primary hypothesis for Sections 3-4, that Q 
is a bounded smooth subset of M" with boundary E; aside from this we keep the notation. 
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As remarked in the beginning of Section 3, the explanations there hold also for this case 
(are in fact easier to verify). 

Since the embedding of D{Aj) = H'^'^{fl) fl H^{Q) into -^2(0) is compact, the inverse 
is a compact operator in L2(fi), so Ay has a discrete spectrum consisting of eigenvalues 
going to 00. It is well-known (cf. e.g. Hormander [H85], Ch. 29.3), that the counting 
function N{t;Ay), counting the number of eigenvalues of A^ in [0,t] with multiplicities, 
has the asymptotic behavior 

(5.5) N{t; Ay) - CA^/'^'^ = 0(t(^-i)/2^) for t ^ 00; 
here 

(5.6) CA = (271)"^' / dxdi. 
Equivalently, the j'th eigenvalue iJ,j{A~^) of A~^ satisfies 

(5.7) /.,(A-1) - ^J-^-Zn = o(^-(2m+l)/n) fo^ ^ ^ ^. ^.^j^ ^ ^2rn/n_ 

(The passage between counting function estimates and eigenvalue estimates is recalled 
below in Lemma 5.4 and its corollary.) 

Since Z is infinite dimensional, a~^pr^ has the point as essential spectrum, so 
A~^ has essential spectrum consisting of the points and 0, and Aa has the essential 
spectrum {a}. Since A^ is selfadjoint and not upper bounded (since it extends Amin), there 
must be a sequence of discrete eigenvalues (with finite dimensional eigenspaces) above a 
going to 00. We shall investigate this sequence. 

The Krein-von Neumann extension Aq has essential spectrum {0} and an eigenvalue 
sequence going to 00, and the question of the asymptotic behavior of that sequence was 
raised in Alonso and Simon [AS80] and answered in Grubb [G83] . The result was a rather 
precise estimate of the function N+{t;Ao) counting the number of eigenvalues in ]0,t]: 

(5.8) N+{t; Ao) - CAf"'^"^ = 0{t^''-^^'^'^) for t ^ 00; 
here ca is the same constant as for the Dirichlet problem and 

(5.9) ^ = max{i -£,2m/(2m-n+l)}. 

We note in passing that the value \ —s came from the application of an estimate announced 
by Kozlov in [K79], whereas his later paper [K83], not available to the author when [G83] 
was written, has the value |, so (5.9) can immediately be replaced by 

(5.10) ^ = max{|,2m/(2m-n+l)}. 

We show at the end of this section that the estimate can be improved even further, to 
d = 1 — e (following up on a remark at the end of [G83] ) . This comes after our deduction 
of a similar estimate for the operators Aa^ a^O. 
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The proof of (5.8) was based on a transformation of the eigenvalue equation 

(5.11) Aqu = Xu, with A ^ 0, -u ^ 0, 
into the problem for the 4m-order operator A^: 

(5.12) A\ = XAv for v e H^'^iQ), 
where u and v are recovered from one another by 

(5.13) V = A-^Au, u = j^Av. 

There were earlier eigenvalue estimates for implicit eigenvalue problems as in (5.12) (as 
initiated by Pleijel [P61], surveyed in Birman and Solomyak [BS77]) giving the principal 
asymptotics, and the sharper estimates in (5.8) were obtained by turning the problem into 
the study of eigenvalues of the compact operator 

(5.14) 5o = <^^<^ 

where Rg is the solution operator for the Dirichlet problem for A'^. (Further developments 
of the implicit eigenvalue problem are described in [G96], Ch. 4.6.) 

The study of has been taken up again recently by Ashbaugh, Gesztesy, Mitrea, 
Shterenberg and Teschl [AGMSTIO], [AGMTIO], also for nonsmooth domains, with much 
additional information. In particular they observe that when A = —A, (5.12) is of interest 
as the "buckling problem" in elasticity. 

Unfortunately, in the case of Aa, we do not have an equally simple reduction of the 
eigenvalue problem. Let u = v + aA~^z + 2; as in (1.1); then applications of powers of A 
give 

Au-\u = Av + az- \{v + aA~^ z + z) = [A - \)v + {a - \ - aXA~^)z, 

(5.15) A^u - XAu = A^v - X{Av + az) = [A^ - XA)v - aXz, 
A^u - XA^u = A^v - XA\. 

We see from the third line that in order for u to be an eigenvector, v must be an eigenvector 
of a certain implicit problem for A^. Here A^ is of order 6m, and the information v e 
Hq'^(Q) does not give enough boundary conditions to define an elliptic realization of A^. 
But there is a supplementing boundary condition depending on A: 

Theorem 5.3. Let u e D{Aa) , with u = v + aA~^z + z, v e H^'^iQ) , z e Z . Then u is a 
nonzero eigenfunction for Aa with eigenvalue X ^ a if and only if v is a nonzero solution 
of the elliptic problem 

(5.16) A^v = XA'^v, ^v = uv = 0, ^A^v = X^{X - a)~'^^Av, 
and 



(5.17) 



z = Kj(X- a) ^^Av. 



KREIN-LIKE EXTENSIONS AND LOWER BOUNDEDNESS 



23 



In particular, u, v and z are in C°° (Q) then. 

Proof. Assume that Au — Xu, X ^ a. It follows from (5.15) that then A^v = XA'^v. Since 

V e i?o"^(ri), = vv = (recall (3.11)). Prom the first line in (5.15) it is seen that 

Av = X{v + aA~^z -\- z) — az, 

which implies 

(5.18) 'jAv — {X — a)'jz, hence 7^ = (A — a)~^'jAv. 

Moreover, 

A'^v = A{Xv + XaA~'^z + (A - a)z) = XAv + Xaz, 

and hence 

^A^v = X^Av + Xa^z = (A + Aa(A - a)~'^)^Av = A^(A - a)~'^-fAv. 

This shows the last boundary condition in (5.16) for v. We also see from (5.18) that z is 
determined from v by z = Kj{X — a)~^^Av, showing (5.17). Clearly implies v ^ 0. 
Conversely let f be a nontrivial solution of (5.16), define z by (5.17) and let u = 

V + aA~^z + z. By the third line of (5.15), the function / = A'^u — XAu satisfies Af = 0; 
moreover, by the second line, 

7/ = ^(A\ - XAv - aXz) = ^A^v - X^Av - aX{X - a^^^Av = 0; 

where we used (5.17) and the last boundary condition in (5.16). Then by the unique 
solvability of the Dirichlet problem, f — 0. 

Now let g — Au — Xu, then Ag = f = 0., and, by the first line of (5.15), 

7^ = ^{A - X)v + 7(0 - X)z = ^Av + (a - A) (A - a)~^^Av = 0, 

so 5f = 0. This shows that Au — Xu. 

The problem is elliptic, since it is a perturbation by lower order terms of the problem 

A^v = 0, = vv = 0, ^A^v = 0, 

which only has the zero solution (indeed, A^v = and ^A'^v = imply A'^v — 0, and then 
= vv = implies v = 0). Then since there are 3m boundary conditions of different 
orders, the problem is elliptic. In particular, the solution of (5.16) is in C°°{0,). □ 

There may possibly be a strategy to find spectral asymptotics formulas for the very 
implicit eigenvalues A of (5.16). But rather than pursuing this, we shall apply functional 
analytical methods to Aa combined with i/^dbo results, using perturbation theory for the 
identity (5.4). 

Let us first show how the asymptotic behavior of the counting functions for positive 
eigenvalues is related to the asymptotic behavior of positive eigenvalues of the inverse 
operator. 
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Lemma 5.4. Let P be a self adjoint invertible operator whose spectrum on is discrete, 
consisting of a nondecreasing sequence of positive eigenvalues Aj^_|_(P) going to oo for j 
oo (repeated according to multiplicities) . Let N^{t; P) denote the number of eigenvalues in 
[0,t], and let i^j,+ {P-^) = Xj,+{P)-^. Let C > and let p> a>0. 
There exists ci > such that 

(5.19) \H,+ iP~') - Cj-'^l < cir^ for all 3 e N, 
if and only if there exists C2 > such that 

(5.20) |iV+(t; P) - CV«ii/«| < c2t(i+«-^)/« for all t > 0. 

Proof. This goes as in the proof for the compact case in [G78], Lemma 6.2 (a very detailed 
version is given in [G96], Lemma A. 5): Rewrite (5.19) as 

ic-ij>,-+(p-i)-ii <c3r-^ 

C3 = ciC~^. Since 1 - £ < (1 + e)"^ < (1 - s)~^ < 1 + 2£ for £ e [0, |], this is equivalent 
with the existence of a constant C4 such that 

icj-«A,-+(p)-i| <c4r-^ 

which is rewritten, with C5 = C~^C4, as 

(5.21) |A,-+(P)-C-iri <C5/"-^. 

Next we note that the functions j — > Aj,+(P) and t — )■ N+{t; P) are essentially inverses 
of one another (in the sense that N^{t;P) is a step-function and j 1— )■ Aj^_|_(P) should 
be filled out at non-integer arguments to have the refiected graph; both are monotone 
nondecreasing). To see how one passes from inequalities for one of them to the other, 
consider e.g. the inequality 

x,,+{p)<c-'r+csf''-^. 

Define (f{j) = C-^j" + c^f"^-^. Let t = (f{j) for some j E N, then 

N+it;P)>N+{X,,+ {P);P)>j. 
Now t — C~^j°' + C5j^"~^ implies t < cqJ'^ (since 2a — P < a) and 

(ct)i/« = (r + ccs/"-^)'/'* = j{i + cc^r-pf'^. 

Hence 

j = {ct)^/^{i + Cc5i""^)"^/" > (ct)^/"(i - C7i""^) 

> (Ct)^/"(l - C7(c6 ^t)("-^)/") = C^/^t^/^ - C8t(^+"-^)/'*; 
for j so large that Cc^j°^~^ < |; here we have used the general inequality, valid for s e R, 

(5.22) 1 - Cs\x\ < (1 + a;)* < 1 + Cs\xl for \x\ < |. 
This shows that for t = (fi{j), j sufficiently large, 

N+{t;P) > C^/"tV« _ cgt(i+«-/3)/«, 

giving part of the implication from (5.21) to (5.20). The other needed implications are 
shown in a similar way. □ 

We shall mainly use the special case where a = M/n, /3 = (M + 0)/n for some ^ > 
and some positive integer M, corresponding to {1 + a — /3)/a = {n — d)/M: 
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Corollary 5.5. Let 9 > 0, Cp > 0. In the setting of Lemma 5.4, there exists ci > such 
that 

(5.23) - C^/^r""/"! < cd-^^'+'^Z- for all j E N, 
if and only if there exists C2 > such that 

(5.24) \N+{t; P) - Cpf'/^l < cat^""^^/^ for all t > 0. 

For the study of the eigenvalues of Aa, we note that using the orthogonal decomposition 
(2.1) we can write the identity (5.4) in the form 

= Wr pr^ + pr^ pr^ + pr^ pr^ + pr^ A~^ pr^ +a~^ pr^ 
^ Bi + B2 + S, with 

(5.25) Bi = pr^ A-^ pr^, 
B2 = pr^, 

S = prji A-^ pTz + A-^ pr^ + pr^ A'^ pr^ . 

For the part B1+B2, where the two terms act separately in the two orthogonal subspaces 
R and Z, we see that B = Bi + B2 has the spectrum 

(5.26) a{Bi + B2)^a{Bi)Ua{B2), 

consisting of a sequence of positive eigenvalues fij^+{Bi) (since Bi is compact nonnegative), 
the point (in the essential spectrum) and an eigenvalue of infinite multiplicity. The 
essential spectrum consists of the two points and a~^. Since A~^ is a perturbation of 
Bi + i?2 by a compact operator S, its essential spectrum again consists of and a~^. As 
noted earlier, Aa is unbounded above, so it has a sequence of eigenvalues going to infinity, 
corresponding to a positive eigenvalue sequence for A~^ going to 0. 

In the detailed analysis, we shall again take advantage of the calculus of pseudodiffer- 
ential boundary operators, using some composition rules and an important result shown 
in [G84]. The main point is to identify certain terms as singular Green operators, which 
have a better spectral behavior than the pseudodifferential terms on il. We refer to [G84] 
for details (introductions to the t/jdho calculus are also given in [G96] and [G09]). 

The following result was shown in [BGW09] Prop. 3.5 in the second-order case: 

Proposition 5.6. The orthogonal projection pr^ in H = L2{^) acts as 

P^R = AR^A = I-pTz, 

where Rg is the solution operator for the Dirichlet problem for . Here pr^ is a singular 
Green operator on O of order and class 0. 

Proof. The proof, formulated in [BGW09] for the nonself adjoint second-order case with a 
spectral parameter, goes over verbatim to the 2m-order case, when 70, 71 are replaced by 
7,zy. □ 

In particular, pr^ and pr^ are continuous in i7*(fi) for all s > — |. 
It follows that all the ingredients in (5.25) are in the ipdho calculus: 
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Proposition 5.7. 

1° The operators 



pr^ A ^ piz, Wz \ ^ Wr and pr^ A ^ pr^, 



hence also their sum S, cf. (5.25), are singular Green operators on Q of order —2m and 
class 0. 

2° For any positive integer N, 



(5.27) 



^ = pr^ A^ ^ pr^ +Si^N, 
A~^ = Bi^N + B2,N + Sn, with Bi^n = P^r A~'^ pr^, B2,n = pr^, 



where Si^n and Sn are singular Green operators on Q of order —2mN and class 0. 

Proof. 1°. It is well-known from the '0dbo calculus that A~'^ = + G^, where 

is the truncated operator r+A(~^)e"'" and is a singular Green operator on VL of order 
—2m and class 0. Here A^"-*^) is a pseudodifferential parametrix of A extended to R", 
r"*" restricts from to O and 6+ extends by zero on MJ^ \ Q,. Since pr^ is a singular 
Green operator of order and class by Proposition 5.6, the compositions with pr^- lead 
to singular Green operators of order —2m and class 0. Since pr^ = / — pr^, composition 
with it preserves the order and the property of being a singular Green operator of class 0. 

2°. The statement for the first line of (5.27) has already been shown for A?" = 1; for 
general N, it follows by similar arguments applied to A~^ . For the second line of (5.27), 
we calculate: 

K"" = (Pi-i? Pri? +a-^ pr^ +5)^ = (pr^ A'^ pr^)^ + a"^ pr^ + s.g.o.s 
= Pr^ ^^7^ Pi-fl +a~^ + s.g.o.s, 

by the V'dbo rules of calculus, where the s.g.o.s stand for singular Green operators of class 
and order —2m AT. □ 

A main result of [G84] was the following asymptotic estimate of s-numbers of singular 
Green operators. When Q is a compact operator, its s-numbers are the positive eigenvalues 
of \Q\ = {Q*QY^'^i Sj{Q) = //jdQl), arranged nonincreasingly and repeated according to 
multiplicity. 

Theorem 5.8. When G is a singular Green operator on Q of negative order —M and 
class 0, then it is compact in L2{'^) with s-numbers satisfying 

(5.28) s,-(G)j^/(-i) ^ c(/) for j ^ oo, 

where c(^°) is a nonnegative constant defined from the principal symbol g^ of G. 

The remarkable feature here is that the spectral asymptotics formula involves the bound- 
ary dimension n — 1 rather than the interior dimension n. 
An application to the operators in Proposition 5.7 gives: 
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Corollary 5.9. The asymptotic property 

(5.29) ^ c(^°) for j ^ oo, 

holds for the singular Green operators Sn and Si^n considered in Proposition 5.7. 

It is seen that has several ingredients with different spectral asymptotics properties. 
Therefore we need a theorem on how eigenvalue asymptotics formulas with remainder 
asymptotics are perturbed when operators are added together. 

This builds on a variant of a result of Ky Fan [F51] . 

Lemma 5.10. // Q, B , and S are hounded selfadjoint operators whose spectra on R+ 
are discrete, and Q = B + S, then one has for the positive eigenvalues arranged 
nonincreasingly and repeated according to multiplicity: 

(5.30) IJ^j+k-iAB + S)< fij,+{B) + iikAS), 

for all j, k such that the eigenvalues exist. 

If S has a finite number K >0 of positive eigenvalues, then 

(5.31) fij+K,+ {B + S) < fij,+ {B), 

for all j such that the eigenvalues exist. 

Proof. The Vth positive eigenvalue of Q is characterized by 

(5.32) iii^+{Q) = min m3ix{{Qu,u) \ \\u\\ = 1, u J- ui, . . . ,ui-i}, 

ui,...,ui_xeH 

as long as this expression is positive; it is reached when the wi, . . . , ui-i are an orthogonal 
system of eigenvectors for the first I — 1 positive eigenvalues. Let xi, . . . , xj-i be an 
orthogonal system of eigenvectors for the first j — 1 positive eigenvalues of B, and let 
j/i, . . . , j/fc-i be an orthogonal system of eigenvectors for the first k — 1 positive eigenvalues 
of S. Then since Q = B + S, we have in view of (5.32): 

IJ'j+k-i,+ {Q) < max{((5w, w) I ||w|| = 1, M _L xi, . . . , Xj-i, yi, . . .,2/fe-i} 
< max{(i?u, u) \ \\u\\ ~ 1, u ± xi, . . . , Xj-i} 
^^'^^^ + max{{Su, u) \ \\u\\ = 1, u ± yi,. . . , yk-i} 

= l^j,+ {B)+l^k,+{S), 

showing (5.30). The last statement in case K = follows from (5.32), since {Su,u) < 
then. For X > it follows from the calculation in (5.33) with k — 1 = K . □ 

We use this to show, as a variant of [G78] Prop. 6.1: 

Proposition 5.11. Let Q, B, and S he hounded selfadjoint operators such that Q = B+S, 
where the spectrum of B in is discrete, with eigenvalues Hj,j^{B) \ 0, and S is compact. 
Assume that, with P > a > 0, j > a, and a positive constant C, 

(5.34) fij,+{B) - Cj-°' is O(r^) forj ^ oo, 

(5.35) Sj{S) is 0{j-^) for j oo. 
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Then 

(5.36) + (Q) - Cr" is Oir"') forj ^ oo, 
with 

(5.37) = mm{(3, 7(1 + a) /{I + 7)}; 
here ^' e]a,^]. 

Proof. By hypothesis, B has infinitely many positive eigenvalues. If S has so too, we 
proceed as in [G78], Prop. 6.1: Let d g]0, 1[, to be chosen later. For each / G N, let 
k = [l"^] + 1 and let j = / - [l'^] in (5.30). Then (5.34)-(5.35) imply by use of (5.22): 

fii,+iQ) < C{1 - [Z'^])-" + C2(Z - [l"])-^ + C3([i'^] + 1)-^ 

< cr"(i - + C2r^(i - + car^^ 

where = min{^, ^7}. Taking d = (1 + a)/(l + 7), we have (5.37). 

If S has a finite number K of positive eigenvalues, we have if K = that 

(5.38) +(Q) < +(S) < Cj-" + cij-^ 
and if K > 0, for j > K, by (5.31), 

+(g) - Cr" < H-kAB) - Cj-" < C{j - K)-^ - Cj-- + ci{j - K)-P 

(5.39) = Cr"[(l - K/j)-'^ - 1] + cij-^(l - K/j)-^ 

with = min{Q! + 1, ^5} > ^5', since a + 1 > 7(0; + l)/(7 + 1). 

This shows the desired upper estimate. A similar lower estimate is obtained by noting 
that Lemma 5.10 applied to B = Q + {—S) gives 

Aij,+ (Q) > Hj+k-i,+{B) - iik,+{-S). □ 

If needed, one can of course use the finer estimates (5.38) or (5.39) in appropriate 
situations. 

The results will first be used to give an eigenvalue estimate for pr^ Wr- 

Proposition 5.12. Bi jq = pr^^~^pr^ is a nonnegative compact selfadjoint operator 
whose positive eigenvalues satisfy, with c'^ = c^^^^ , ca defined by (5.6); 

(5.40) l^j,+{Bi,N) - c:4j-2-^/- IS 0(j-(2-^+^iv)/-) forj ^ 00, 
where On = 2mN/(2mN + n-l). 
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Proof. Since pr^ is bounded and is compact, Bi^n is compact. The nonnegativity 

follows since > so that 

for all u E H. For the eigenvalue asymptotics, we use the decomposition in the first line 
of (5.27), where A~^ has the spectral behavior inferred from (5.7): 

and S\^N has the spectral behavior (5.29), by Corollary 5.9. We can then apply Proposition 
5.11 with 

(5.41) a = 2mN/n, P = {2mN + 1) /n, 7 = 2mN/{n - 1). 
Since 

7(1+q) _ 2mN l+2mN/n _ 2mN+2mN/{2mN+n-l) ^ o _ 2mN+l 
1+7 n-1 l+2mN/{n-l) n ^ P n ' 

we have that 

^' = {2mN + eN)/n with On = 2mN/{2mN + n-l). □ 

Next, we treat the full operator A~^ . The study is easiest to complete when a < 0. 

Theorem 5.13. Consider A~^ ; it equals B + Sn with B = Bi n + B2,n and Sn as in 
Proposition 5.7. Assume that a < 0. Then when N is odd, 

(5.42) /i,,+(A-^) - 4r'"^^/" is 0(r^'"^^+'"^/") forj ^ 00, 
with 9n = 2mN/{2mN + n — 1), = (?^^^^ , ca defined in (5.6). 

Proof. For -Bi^^v we have the asymptotic eigenvalue estimate in Proposition 5.12. We add 
i?2,jv to i?i,Ar, which just adjoins the negative eigenvalue with infinite multiplicity. 
With B = Bi^N + B2^Ni we now apply Proposition 5.11 to the sum A~^ = Q = B + Sn, 
with P = {2mN + 6'iv)/n. This gives (5.36), with 

LA'' n—1 l+2mA//(n— 1) J 

The cases where a > 0, or AT is even so that > 0, are handled by transforming 
the problem into one where the eigenvalue sequence we want to describe runs outside the 
interval containing the essential spectrum. 

Theorem 5.14. The conclusion of Theorem 5.13 holds also when N is even and when 
a > 0. 

Proof. It remains to treat the cases where > 0. Let 6 be a point in the interval ]0, a~'^[ 
which is in the resolvent set of both B and Q — B + Sn- Replace B and Q by 



(5.43) B' = b^{b- B)-^ -b = bB{b- B)-^, Q' = b^{b - Q)'^ - b = bQ(b - Q)-K 
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Then the point in the essential spectrum is moved to ba~^ {b — a~^)~^ < 0, whereas 
the point is preserved, and the sequence of positive eigenvalues iJ,j^^{B) decreasing to 
in the interval ]0,b[ is turned into the sequence of positive eigenvalues 

(5.44) ^^J,+{B') = bfij,+{B){b - fijAB))'' \ 0. 

The operators B' and Q' are of the type treated in Lemma 5.10, their difference being the 
compact operator 

(5.45) S'^ = Q' - B' = b^{b - B - Sn)~^ - b^{b - B)-^ = b'^{b - B - Sn)~^ Snib - B)'^ . 
Concerning their asymptotic eigenvalue properties, we have that (5.34) implies 

^i^,+{B') - cn = b^Am - hAb))-' - cn 

= f^jAB) - cj-'^ + HABMb - fijAB))-' - 1] 

= HAB)-Cj-+fijAB)Hb-HAB)r' 
= 0ij-^) + 0ij-'^). 

This will be used with C — c'^ and exponents as in (5.40), a = 2mN/n and /3 = 
{2mN + 9N)/n. Clearly 2a > /3, so then 

fijAB') - 0^4^-"'"'^/" = o(r^''"'^+^^^/")- 

Since S'j^ equals Sn composed with bounded operators, the estimate (5.35) implies a 
similar estimate for S'j^. Now Proposition 5.11 can be applied, with a and /3 as already 
indicated, and 7 = 2mN/{n — 1), showing that the positive eigenvalues of Q' have the 
behavior 

(5.47) l^jAQ') - c^i"^""^/" = 0(j-(2"^^+^^)/") for j ^ 00. 

Finally this is carried over to the desired behavior of the eigenvalue sequence jijAQ) by 
a calculation similar to (5.46), using that 

Q^bQ'{Q' + b-^)-^. □ 

This has the following implications for the counting functions for eigenvalues of 
going to 00: 

Theorem 5.15. Let N he a positive integer, and let > . The number A^^. j.jv(t; A^) 
of eigenvalues of A^ in [r^ ,i\ behaves asymptotically as follows: 

(5.48) N^^^N {t- A^) - CAt'^l'^'^^ = o(t("-^~)/2'^^) for t ^ 00, 
with $N = 2mN / {2mN + n — 1), ca defined by (5.6). 

Proof. When < 0, the spectrum of A^ is discrete on M_|_, and we can apply Corollary 
5.5 directly to (5.42), concluding (5.48) for r = 0. A replacement of by some other 
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r > a only shifts A^-|- by a fixed finite number, and does not change the asymptotic 
property. 

Now let > and take an r > |a|, such that r~'^ is not in the spectra of 
and pr^^^-'^pr^. For this r, the number N_^.^j.N{t; A^) is the number of eigenvalues of 
-r^ in [0,t-r^]. 
Observe that when we take b = in the proof of Theorem 5.14, then 

Q = A-^, Q' = r-^A-^{r-^ - A-^)-^ = {A^^ - r^)-\ 

For Q' wc have the asymptotic estimate (5.47). Then we can apply Corollary 5.5 to 
j^N _ g^j^j inverse Q', concluding that 

N+^^N{t- A^) - CA{t - r^)"/2"»^ = 0((t - r^)(n-e^)/2miV) ^ ^ ^_ 

This implies (5.48), since {t - r^Y = t'(l - /ty = t' + 0(t'-^) by (5.22). □ 

We can finally conclude an improved estimate for Aa itself: 

Theorem 5.16. Let r > a. The number N^^r{t; Aa) of eigenvalues of A^ in [r, t] behaves 
asymptotically as follows, for any e > 0; 

(5.49) N+^r{t; Aa) - CAf'^"^ = 0(t("-i+^)/2^) for t oo, 
with ca defined in (5.6). 

Proof. It suffices to consider r > \a\. Since the number of eigenvalues of Aa in [r, t] is the 
same as the number of eigenvalues of Aa in [r^, t^], we conclude from Theorem 5.15 that 

N+,r{Aa;t) - CAt''/^'^ = iV+,^iv(^f ;t^) - C^(t^)"/2^^ = 0((t^)("-^^)/2"»^) 

= o(t("-^^)/2'^). 

Here N can be taken arbitrarily large. Since 9n — 1 — {n — l)/{2mN + n — 1) — )■ 1 for 
— )■ oo, it can for any £ > be obtained to be > 1 — £, which shows the statement in the 
theorem. □ 

This ends our study of eigenvalue asymptotics for yl^, a 0. 

Actually, some of the above techniques can also be used to improve the result of [G83] 
for ylo) so we include this here. 

Theorem 5.17. For the discrete eigenvalue sequence of the Krein-von Neumann extension 
Aq, the number Nj^it^Ao) of eigenvalues in ]0,t] satifies, for any £ > 0, 

(5.50) N+{t- Ao) - CAt^'l'^'^ = 0(t("-i+^)/2^) for t oo. 

Proof. We here use some further rules for eigenvalues and s-numbers, found e.g. in Goh- 
berg and Krein [GK69]. Denote the positive eigenvalues Aj(^o)) J = 1; 2, It is shown 

1/2 1/2 

in [G83] that their inverses are the eigenvalues fXj{So), where Sq = Rq ARJ as recalled 



32 



GERD GRUBB 



in (5.14); this was used in [G83] to show the estimate (5.8). Here Rg maps -^2(0) bi- 

jectively onto Hq^{Q), and the factor A is really Amin mapping Hq'^{Q) bijectively onto 

1 

R = ranAmin, where one can apply Rg . They also define mappings between the spaces 
intersected with higher-order Sobolev spaces. 

In addition to Sq we shall study iterates of Sq. For 2Ar'th powers we can write 

S^"" = {RlARlf'' = RliARgf^'-^ARl = BnAR^ABn, 

where 

Bn = RUARgf-\ Bn = {RgAf-^Rl 
Here we recognize ARgA as the projection pr^j = / — pr^, cf. Proposition 5.6. Then 

(5.51) Si"" = Bn{I- Wz)Bn = BnBn - B^ Wz Bn- 

The first term is a compact nonnegative operator whose positive eigenvalues satisfy: 
fij{BNBM) = fij{BMBM) = fij{{RgAf-^Rg{ARgf-^). 

The operator (RgA)^'^ Rg{ARg)^-^ is of the form A^"^^^ + G27V, where A^"^^^ is the 
truncation to Q of a parametrix A^~'^^^ of A^^ (as used earlier in the proof of Proposition 
5.7), and G2N is a singular Green operator of order —AmN and class 0. Then by Corollary 
4.5.6 of [G96] we have the asymptotic eigenvalue estimate (in view of Corollary 5.5): 

fijiB^B^) = fij{A+^''^ + G2n) = c'j-'^''/^ + 0(r('"^^+'-^)/") for j ^ 00, 

for any £ > 0, with = c^^^^. (It is used here that A is a scalar differential operator, 
see the discussion in [G96] Rem. 4.5.5 concerning systems.) 

For the second term BnWzBn we use that there exists a homeomorphism 

^2m^. H'^m+s^^-^ ^ H'{a), with inverse Mf™, any s e R, 

belonging to the 'i/'dbo calculus, as introduced in [G90] (also explained in Section 2.5 of 
[G96]). Then 

Bn^tzBm = RlA^_^+AZ^^{ARg)''-'pTz{RgA)''-'AZ^^Al^+Rl 

r>2 A 2m A 2m td2 

— -Kg A_ _|_(jr2ArA_ _,_/tg , 

where G2N is a singular Green operator of order —4mN and class 0. The operators Rg A?_"!j_ 

and A^"^i?| are bounded in L2(0). Using Theorem 5.8 for G27V together with the general 
rule Sj(EGF) < \\E\\sj{G)\\F\\, we find: 

sj{BnPTzBn) < Csj{G2N) < C'j-^^''/^^-'\ 
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Now the perturbation result Proposition 5.11 applied to the decomposition in (5.51) 
gives (as in the proof of Theorem 5.13): 

l^jiSD - 4-^/"r'"^^/" = 0(r('"^^+'^"^/") for j ^ oo; with c'^ = 4"^^/", 
with the usual 92n = ^mN/{AmN + n — 1), and hence (as in the proof of Theorem 5.16) 

N+{t- Sq^) = N+{t^^; So^^) = c^r/^- + o(t(^-^2^)/2^), for t oo. 

Since 92n ^ 1 for — > oo, and N can be taken arbitrarily large, the assertion of the 
theorem follows. □ 

The validity of the improved estimate (5.50) has been announced by Mikhailets in [M94]; 
we have recently been informed that proof details are in [M06]. 

The spectral results in this section are formulated for a bounded domain 0, in M"^, but 
the methods work for general compact manifolds with boundary, as in [G96] , so the results 
are valid for such cases too. 

Acknowledgement . 

The author is grateful to Jan Philip Solovej for useful discussions of perturbation theo- 
rems. 

References 

[AGWll]. H. Abels, G. Grubb and I. Wood, Extension theory and Krem-type resolvent formulas for 
nonsmooth boundary value problems, arXiv:1008.3281, to appear. 
[AS80]. A. Alonso and B. Simon, The Birman-Krein-Vishik theory of self adjoint extensions of semi- 
bounded operators, J. Operator Theory 4 (1980), 251-270. 
[AS81]. A. Alonso and B. Simon, Addenda to "The Birman-Krein-Vishik theory of self adjoint ex- 
tensions of semibounded operators", J. Operator Theory 6 (1981), 461. 
[AP04]. W. O. Amrein, D. B. Pearson, M operators: a generalisation of Weyl-Titchmarsh theory, 
J. Comp. Appl. Math. 171 (2004), 1-26. 
[A99]. Yu. M. Arlinskii, On functions connected with sectorial operators and their extensions. In- 
tegral Equations Operator Theory 33 (1999), 125-152. 
[AGMSTIO]. M. S. Ashbaugh, F. Gesztesy, M. Mitrea, R. Shterenberg, and G. Teschl, The Krein-von 
Neumann extension and its connection to an abstract buckling problem. Math. Nachr. 283 
(2010), 165-179. 

[AGMTIO]. M. S. Ashbaugh, F. Gesztesy, M. Mitrea and G. Teschl, Spectral theory for perturbed Krein 

Laplacians in nonsmooth domains, Adv. Math. 223 (2010), 1372-1467. 
[BL07]. J. Behrndt, M. Langer, Boundary value problems for elliptic partial differential operators 

on bounded domains, J. Funct. Anal. 243 (2007), 536-565. 
[B56]. M. S. Birman, On the theory of self- adjoint extensions of positive definite operators. Mat. 

Sb. N.S. 38(80) (1956), 431-450, in Russian. 
[B62]. M. S. Birman, Perturbations of the continuous spectrum of a singular elliptic operator by 

varying the boundary and the boundary conditions, Vestnik Leningrad. Univ. 17 (1962), 22— 

55; English translation in Spectral theory of differential operators, Amer. Math. Soc. Transl. 

Ser. 2, 225, Amer. Math. Soc., Providence, RI, 2008, pp. 19-53. 
[BS77]. M. S. Birman and M. Z. Solomyak, Asymptotic properties of the spectrum of differential 

equations, Akad. Nauk SSSR Vsesojuz. Inst. Naucn. i Tehn. Informacii, Moscow 14 (1977), 

5-58; English translation in J. Soviet Math. 12 (1979), 247-283. 
[BS80]. M. S. Birman and M. Z. Solomyak, Asymptotics of the spectrum of variational problems on 

solutions of elliptic equations in unbounded domains, Funkts. Analiz Prilozhen. 14 (1980), 

27-35; English translation in Funct. Anal. Appl. 14 (1981), 267-274. 



34 



GERD GRUBB 



[B71]. L. Boutet de Monvel, Boundary problems for pseudodifferential operators, Acta Math. 126 
(1971), 11-51. 

[BGW09]. B. M. Brown, G. Grubb, and I. G. Wood, M -functions for closed extensions of adjoint 
pairs of operators with applications to elliptic boundary problems, Math. Nachr. 282 (2009), 
314-347. 

[BMNW08]. B. M. Brown, M. Marietta, S. Naboko and I. G. Wood, Boundary triplets and M-functions 
for non-selfadjoint operators, with applications to elliptic PDEs and block operator matrices, 
J. Lond. Math. Soc. 77 (2008), 700-718. 
[BGP06]. J. Briining, V. Geyler and K. Pankrashkin, Spectra of self-adjoint extensions and applications 
to solvable Schrodinger operators, Rev. Math. Phys. 20 (2008), 1-70. 

[DM91]. V. A. Derkach and M. M. Malamud, Generalized resolvents and the boundary value problems 
for Hermitian operators with gaps, J. Funct. Anal. 95 (1991), 1-95. 
[F51]. Ky Fan, Maximum properties and inequalities for the eigenvalues of completely continuous 
operators, Proc. Nat. Acad. Sci. USA 37 (1951), 760-766. 

[GM08]. F. Gesztesy and M. Mitrea, Generalized Robin boundary conditions, Robin-to-Dirichlet 
maps, and Krein-type resolvent formulas for Schrodinger operators on bounded Lipschitz 
domains, Perspectives in Partial Differential Equations, Harmonic Analysis and Applica- 
tions: A Volume in Honor of Vladimir G. Maz'ya's 70th Birthday, Proceedings of Symposia 
in Pure Mathematics (D. Mitrea and M. Mitrea, eds.), vol. 79, Amer. Math. Soc, Providence, 
RI, 2008, pp. 105-173. 

[GMll]. F. Gesztesy and M. Mitrea, A description of all selfadjoint extensions of the Laplacian and 
Krein-type resolvent formulas in nonsmooth domains, J. Analyse Math. 113 (2011), 53-172. 

[GK69]. I. C. Gohberg and M. G. Krein, Introduction to the theory of linear nons elf adjoint operators. 

Translated from the Russian by A. Feinstein. Translations of Mathematical Monographs, 
Vol. 18, American Mathematical Society, Providence, R.I., 1969, pp. 378. 

[GM76]. M. L. Gorbachuk and V. A. Mikhailets, Semibounded selfadjoint extensions of symmetric 
operators, Dokl. Akad. Nauk SSSR 226 (1976); English translation in Soviet Math. Doklady 
17 (1976), 185-186. 

[GG91]. V. I. Gorbachuk and M. L. Gorbachuk, Boundary value problems for operator differential 

equations, Kluwer, Dordrecht, 1991. 
[G68]. G. Grubb, A characterization of the non-local boundary value problems associated with an 

elliptic operator, Ann. Scuola Norm. Sup. Pisa 22 (1968), 425-513. 
[G70]. G. Grubb, Les problemes aux limites generaux d'un operateur elliptique, provenant de la 

theorie variationnelle. Bull. Sc. Math. 94 (1970), 113-157. 
[G71]. G. Grubb, On coerciveness and semiboundedness of general boundary value problems, Israel 

J. Math. 10 (1971), 32-95. 
[G74]. G. Grubb, Properties of normal boundary problems for elliptic even-order systems, Ann. 

Scuola Norm. Sup. Pisa l(ser.IV) (1974), 1-61. 
[G78]. G. Grubb, Remainder estimates for eigenvalues and kernels of pseudo-differential elliptic 

systems. Math. Scand. 43 (1978), 275-307. 
[G83]. G. Grubb, Spectral asymptotics for the "soft" selfadjoint extension of a symmetric elliptic 

differential operator, J. Operator Theory 10 (1983), 9-20. 
[G84]. G. Grubb, Singular Green operators and their spectral asymptotics, Duke Math. J. 51 (1984), 

477-528. 

[G90]. G. Grubb, Pseudo-differential boundary problems in Lp spaces, Comm. Partial Differential 

Equations 15 (1990), 289-340. 
[G96]. G. Grubb, Functional Calculus of Pseudodifferential Boundary Problems Progress in Math. 

vol. 65, Second Edition, Birkhauser, Boston, 1996. 
[G08]. G. Grubb, Krein resolvent formulas for elliptic boundary problems in nonsmooth domains. 

Rend. Sem. Mat. Univ. Pol. Torino 66 (2008), 13-39. 
[G09]. G. Grubb, Distributions and operators. Graduate Texts in Mathematics, 252, Springer, New 

York, 2009. 

[Gil]. G. Grubb, Perturbation of essential spectra of exterior elliptic problems, J. Applicable Anal- 
ysis 90 (2011), 103-123. 



KREIN-LIKE EXTENSIONS AND LOWER BOUNDEDNESS 



35 



[GS95]. G. Gmbb and R. T. Seeley, Weakly parametric pseudodifferential operators and Atiyah- 

Patodi-Singer boundary problems, Invent. Math. 121 (1995), 481-529. 
[H63]. L. Hormander, Linear Partial Differential Operators, Grundlehren Math. Wiss. vol. 116, 

Springer Verlag, Berlin, 1963. 
[H85]. L. Hormander, The Analysis of Linear Partial Differential Operators IV, Fourier Integral 

Operators, Grundlehren Math. Wiss. vol. 275, Springer Verlag, Berlin, 1985. 
[K75]. A. N. Kocubei, Extensions of symmetric operators and symmetric binary relations, Math. Notes 

(1) 17 (1975), 25-28. 

[K79]. V. A. Kozlov, Estimation of the remainder in a formula for the asymptotic behavior of 
the spectrum of nonsemibounded elliptic systems, Vestnik Leningrad. Univ. Mat. Mekh. 
Astronom. (1979), 112-113. 

[K83]. V. A. Kozlov, Remainder estimates in formulas for the asymptotic behavior of the spec- 
trum for linear operator pencils, Funktsional. Anal, i Prilozhen. 17 (1983), 80—81; English 
translation in Funct. Analysis Appl. 17 (1983), 147-149. 

[K47]. M. G. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian transforma- 
tions and its applications. I, Mat. Sbornik 20 (1947), 431-495, in Russian. 
[LM68]. J.-L. Lions and E. Magenes, Problemes aux limites non homogenes et applications, vol. 1, 

Editions Dunod, Paris, 1968. 
[LS83]. V. E. Lyantze and O. G. Storozh, Methods of the Theory of Unbounded Operators, Naukova 
Dumka, Kiev, 1983, in Russian. 

[MIO]. M. M. Malamud, Spectral theory of elliptic operators in exterior domains, Russian J. Math. 
Phys. 17 (2010), 96-125. 

[MM02]. M. M. Malamud and V. I. Mogilevskii, Krein type formula for canonical resolvents of dual 
pairs of linear relations, Methods Funct. Anal. Topology (4) 8 (2002), 72-100. 

[M94]. V. A. Mikhailets, Distribution of the eigenvalues of finite multiplicity of Neumann extensions 
of an elliptic operator, Differentsial'nye Uravneniya 30 (1994), 178-179; English translation 
in Differential Equations 30 (1994), 167-168. 

[M06]. V. A. Mikhailets, Discrete spectrum of the extreme nonnegative extension of the positive el- 
liptic differential operator. Proceedings of the Ukrainian Mathematical Congress-2001, Sec- 
tion 7, Nonlinear analysis, Kyiv, 2006, pp. 80-94, in Russian. 

[N29]. J. von Neumann, Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren, Math. 
Ann. 102 (1929), 49-131. 

[P61]. A. Pleijel, Certain indefinite differential eigenvalue problems - the asymptotic distribution 
of their eigenf unctions, Part. Diff. Equ. and Continuum Mech., Wisconsin Press, Madison, 
1961, pp. 19-37. 

[PR09]. A. Posilicano and L. Raimondi, Krein's resolvent formula for self-adjoint extensions of sym- 
metric second-order elliptic differential operators, J. Phys. A 42 015204 (2009), 11 pp. 
[R07]. V. Ryzhov, A general boundary value problem and its Weyl function, Opuscula Math. 27 
(2007), 305-331. 

[V80]. L. I. Vainerman, On extensions of closed operators in Hilbert space. Math. Notes 28 (1980), 
871-875. 

[V52]. M. I. Vishik, On general boundary value problems for elliptic differential operators, Trudy 
Mosc. Mat. Obsv 1 (1952), 187-246; Enghsh translation in Amer. Math. Soc. Transl. (2) 24 
(1963), 107-172. 



